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Preface

In 1978 Walter Thirring wrote in his multivolume series on theoretical
The best and latest mathematical methods to a.ppea.r

on the market have been used whenever possible. In doing

this many an old and trusted favorite of the older generation

as been forsaken, as I deemed it best not to hand dull and
worn-out tools down to the next generation.

It is now 1993, and we are still teaching and using the old clumsy tools.
As much as I would like to, I am not trying to bury vector calculus.
Vector calculus will be longer lived than the typewriter keyboard or
Fortran. My goal is to provide support for those students who want
to learn the modern methods, but whose textbooks and teachers can
provide no help. _

In teaching graduate-level mechanics or electrodynamics, I have
found that spending two weeks on differential forms speeds up the
treatment enough to easily pay back the two weeks of investment.
This book started out as a short set of notes for that purpose, and
chapters three, four, and five read alone should still serve that pur-
pose. I have struggled to keep this short. In Mathematical TeX by
Example, Arvin Borde writes about his “original plan for a slim math-
ematical companion.” His book ended up at 352 pages. My original
goal was to keep this below 80 pages, keeping the treatment of the
tools for manipulating differential forms complete, but including only
tempting glimpses of the applications. These glimpses are intended
to counter any impression that this is math for maths sake.

physics:

The immediate motivation for writing this came from reading

Icons and Symmetries by Simon Altmann. There he shows how us-

ing a representation with the wrong symmetry seriously impeded the
discovery of the laws of magnetism. I realized that differential forms

carried his program even further. The electromagnetic theory given
here has no right-hand rules in it at all. Electromagnetic theory is,
after all, a right-left symmetric theory.

A proper regard for the symmetry of objects leads to a strat-
ification of the various three-degree geometric objects into vectors,
1-forms, 2-forms, twisted 1-forms, and twisted 2-forms. Relations
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between objects in different strata require operators with additional
geometric structure. To relate E and D in electrodynamics requires
the metric structure of either Eucidean space or a crystal lattice. A
relation between E and H would also require an operator that distin-
guished between left and right handedness.

The two goals of this book are thus: provide the generalization
of vector calculus that works in any dimension and with any metric,
and secondly, develop representations of geometric objects with the
correct symmetries.

Lets be frank. This is a polemic, arguing for the inclusion of the
mathematics of the last three decades into traditional vector calcu-
lus. There is, quite correctly, considerable opposition to this, based
on the idea:“If it ain’t broke, don’t fix it.” Were this a mere change
in notation, it would make no sense to change things. It is not a mere
change in notation, however, but a basic change in the fundamental
concepts. The new concepts are better for unarguable reasons: they
correctly represent a larger symmetry group, and therefore correctly
represent more features of the real world. We have an intuitive appre-
ciation of symmetry, even before we have formalized the concept. A
representation that violates the symmetry leaves a bad taste in your
mouth. I would argue that mechanics, for example, is unnecessar-
ily difficult precisely because the basic symmetries are not properly
represented. This appears in the notoriously unintuitive distinction
between centrifugal and centripetal force.

The present work is written for students who have had tradi-
tional calculus and vector calculus courses. Most of my examples are
from physics, and a basic knowledge of mechanics, electrodynamics,
and optics is assumed. Most junior science majors would meet these
requirements if they are taking classical mechanics and electrodynam-
ics at the same time. Originally I thought of this as the “Differential
Forms Samizdat.” With the publication of the excellent books by
Edwards, Bressoud, and Bamberg and Sternberg, it is clear that dif-.
ferential forms have become mainstream. This should be a painless
way to jump into that stream.

Version 2.* is still only a rough draft, but the organization has
now been pretty much fixed. My original goal of keeping this at
around 80 pages has been abandoned, both because of the realities of
the material, and the realities of the publishing world.
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Introduction

There are two main ideas that we will cover. One is the evolution
in calculus away from the concept of a derivative toward the concept
of the differential. This makes single-variable and multi—variable cal-
culus fit smoothly together, and also paves the way for the ideas of
catastrophe theory.

The second idea is to use both vectors and their duals, the dif-
ferential forms. This allows calculus to be applied in spaces with no
natural Euclidean metric, such as thermodynamics or relativity, and
without the need to be in three dimensions. Remarkably, such a gen-
eralization turns out to be, even in three dimensions, computationally

convenient.
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CHAPTER ZERO. PROLEGOMENA

Here is some preliminary material that will be of interest to som
readers. .
I believe that some of the advantages of the differential forms ap-
proach come from the alignment of the notation, the concepts, and in
particular the rendering with the natural symmetries of the objects.
This natural alignment I feel makes them easy to think about. As
an experiment, I include a section at the start in which purely ab-
stract pattern puzzles are presented, somewhat in the spirit of those
“apple:orange::five:x” problems on old 1.Q. tests. Most people will
be able to solve the puzzles without any understanding of what the
puzzles are about. This, I claim, makes my point that the renderings
are natural. _
Note that I am going to continually distinguish between the con-
cepts, their representation, and their rendering. For example, theit — gl L(J‘K
@ are abstract vectors, their representation with triplets of numbers,
and their rendering as arrows in space.
After the right-brain exercise, I am going to include some basic
facts on linear algebra, multilinear algebra, affine algebra, and multi-
affine algebra. Actually I would rather call these linear geometry, etc.
but I follow the historical usage here. You may have taken a course
on linear algebra. This is to repair the omissions of such a course,
which now is typically only a course on matrix manipulation. The
necessity for this has only slowly dawned on me, as the result of email
with local mathematicians along the lines of:
When do you guys treat dual spaces in linear algebra?
We don’t.
What! How can that be?
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1. Patterns

One of the reasons why the use of differential forms is so easy is that
the patterns involved are natural, and accord with the basic symmetry
of the problem involved. Just for fun I have collected up some of the
geometric patterns here, without any explanation. Just by looking at
the examples you should be able to scope out the answers to many of
these puzzles. After you have read the material, you might want to

return to these puzzles. .
In all of these puzzles you are looking for a rule that will be

invariant under general linear transformations. You can use parallel
lines in your constructions, and you can subdivide a line or stretch
it by some factor. One thing you cannot do is to make any use of
perpendicularity. Also, the signs of the results must follow from some
natural rule from the signs given; you are not allowed to use any
right-hand rule.

Addition

The most basic feature of all of these differential forms and their
related vector objects is that they have a linear structure: you can

scale them and add them together.
Consider the addition of vectors. Instead of looking at

c=a+b,
let us look for ¢ such that
a+b+c=0,

and expect the resulting pattern to be symmetric in the three vectors.
The usual picture of this is, I claim, the only picture that you can draw

that has the correct symmetries.

One of our geometric objects will have an icon in two dimensions
consisting of a pair of parallel lines. These lines have no definite
length, which makes them a bit unusual to think about, and makes it
rather tricky to program a computer to make a reasonably aesthetic

rendering.
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Figure 1-1. The pattern for the ad-
ditlon of vectors.

One of the lines is spécial, and changing the sign is the same as

changing the special line. Again I will claim that the addition pattern

is uniquely determined by the symmetries of the above icons, and has
to be that shown in the second figure.

Puzzles

You should be able to use the symmetries to guess the answers to
these puzzles.

The addition rules that have been used above of course fix the
scaling behavior of the objects. .

These 1-forms and twisted 1-forms act on vectors and a twisted
version of vectors. The basic pattern (again, this is all you can do
given the invariances) is shown in the next figure.

1.2
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igure 1-2. The pattern for the ad-
dition of 1-forms. Note that the
second line in each icon is rather
short, to avoid cluttering up the
pattern.

Figure 1-3. Add these two 1-forms.
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P
Figure 1-4. Figure out an addition >—
rule for these things which are like
1-forms but with a different parity.
The parallel lines are all of indef-
inite length. I call these twisted

1-forms.

v

Figure 1-5. Puzzles requiring you
to scale 1-forms and twisted 1-forms.

TR M AR T

14




Figure 1-6. A 1-form acting on a
vector, with one for you below it.

Figure 1-7. You should be able to
guess the action of a twisted 1-form
on the equivalent of a twisted vec-
tor.




2. Linear Algebra

Any set of objects that can be multiplied by numbers and added to
each other is said to form a linear space. Real numbers themselves are
an example as are the usual vectors. Less familiar examples would be
apples and oranges (with a sharp knife) and the continuous functions
on the unit interval. Row vectors, column vectors, and matrices are
also all linear spaces.

Associated with any linear space is another linear space called its
dual. Elements of the dual space are operators which map elements of
the given linear space into the real numbers in a fashion that preserves
the linear structure. That is, the map of the sum of two vectors is
the sum of the maps. The most familiar duality is that between
row vectors and column vectors, with the map provided by matrix
multiplication. If your linear space is a shopping cart full of groceries,
then the check-out clerk is a linear operator on that space. For the
continuous functions on the unit interval, the map

f(z) — /01 zf(z)dz,

" would be a linear operator on the f’s.

Surprisingly, the duals to the ordinary vectors are rarely pictured.
If we render the vectors by the usual little arrows, line segments with
arrows on one end, these correspond to displacements if we line up
the tails of the vectors all at a single point which we call the origin.
Linear operators on the vectors are the linear functions on the space.
The value of the linear operator is just the value of the linear function
at the head of the arrow. )

We can make a drawing (which we will call a rendering) of these
linear maps of vectors in two dimensions by drawing the contour lines
corresponding to unit function value. If we wish to ignore the partic-
ular location of the origin, then we will also have to draw the contour
line associated with the value zero. This then is the icon for these
duals to vectors: pairs of parallel lines, with one of them singled out
as the unit line, as opposed to the zero line. We do that by putting
an arrowhead transversely on the unit line. In the preceeding section
on patterns there were many uses of this icon.
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In three dimensions we can still render the dual space to vectors
without undue mental strain. We just require a pair of parallel planes,
with one of them singled out with a tick mark of some kind.

The most important fact about linear spaces is that they have a
number called the dimension. The dual to a linear space has the same
dimension.
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3. Affine Algebra

Given a linear space, think of it as three dimensional vector space
for concreteness, then the planes through the origin are subspaces
that themselves have a linear structure. The planes that do not pass
through the origin do not have a linear structure. For example, they
do not have an origin. The weaker structure that they have is called
affine structure.

What is defined on an affine space, as these are called, are sums
of elements such that the sum of the coefficients is unity. If a and b

are in an affine space, then
at+bd
2
is defined. We would call it the midpoint between a and 6. You can

easily see that the planes in a linear space that do not pass through

the origin are closed under the above operation.
Many of the linear objects that one talks about are really affine

objects. We routinely call a function linear even though f(0) doesn’t
vanish.

c=

Computer Graphics

Affine structure plays a very important role in computer graphics.
How, you might wonder, do we represent curves so that computers can
deal with them. One approach would be to refer to the familiar catalog
of lines, circles, ellipses, and so on. There is a better scheme, though.
It was invented initially to describe automobile fenders; fortunately

some enlightened auto companies had some mathematicians on their -

staffs. Here is the scheme to describe non-linear curves using nothing
but affine structure. The PostScript type faces used to print these

notes are all defined in this manner.
First we need to describe two different approaches to curves. Both
have merits and faults. You can describe a circle in the plane by an

equation

or by a map
0 — (cos6,sin 6).
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The first form is called implicit, the second parametrized. Over the
early decades of this century it was finally realized that the behavior of
parametrized curves was more orderly and formed a better basis for an
extension of calculus. This extension is called calculus on manifolds.

- Affine structure allows us to describe straight lines parametrically
using just two points, called control points. Call them a and b. The
rule is A

u+— (1 —u)a+ ub.

Because the coefficients in the sum add up to one, this is well defined
in an affine space. '

To describe a quadratic curve, use three control points, call them
aa, ab, and bb. The rule is

u — (1 —u)((1 — u)aa + uad) + u((1 — u)ad + ubd).

This uses three repeats of the basic affine operation.

All of this is easily generalized to higher powers, more dimensions,
and from curves to surfaces. Behind it all is the idea of a symmetric,
multiaffine function, a function which takes several arguments and is
affine in each one. For a quadratic curve we need a biaffine map, ¥.
In terms of two numbers, a and b, the control points are

aa = &(a,a)
ab = &(a,b)
bb = &(d,b)

and the curve is the map

u — ®((1 — u)a + ub, (1 — u)a + ubd).
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4. Computer Algebra Systems

I consider the aid of a computer algebra system essential to the work
of any modern scientist. To be without one is like a carpenter without
a Skill saw: underpowered.

The most obvious need for computer algebraic manipulation is
the presence of antisymmetric multiplication in differential forms cal-
culations. This is really the last blow to one’s hopes of getting the
signs right. Couple this with the expansion of intermediate steps in
calculations to include sums of many terms, and you see that this is
much more than just the need to correct the sign of the final answer.

There is a much deeper use of a CAS, however. The best way
to learn a subject is to explain the subject to a naive listener. There
is no possible listener more patient, more thorough, and more naive,
than a computer algebra system. I continually am amazed at what
more advanced pattern recognizing brain passes over without notice,
but which stops a computer algebra system cold. When setting up the
system that I use, I finally noticed the independence of much of the
formalism over any specification of what the independent variables
were. This is a creative sloppiness, I think, although I have not yet
fully digested the idea. I just mention it here to show that you can
get some high-level ideas from a CAS.

I personally find Mathematica the most congenial system to use.
Any CAS will be the most complicated computer program that you
run on your system. The learning curve is steep, and you will cer-
tainly have to put in your thousand hours on the road to wizard.
Shortchanging your system to save a few dollars is not a good idea.
The differential forms system that I use is available on my homepage.

http://www.ucolick.org/ burke/home.html |

It is discussed in an appendix here.
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CHAPTER ONE. CALCULUS

The calculus of differential forms is a replacement and improvement of
vector calculus. We start by looking over. differential calculus, trying
to get the Big Picture. This requires us to take the modern viewpoint
that concentrates on the differential, the local linear approximation,
rather than the derivative, which is how most of you learned calculus.
The derivative is a useful shorthand only for the differential in the case
of maps R — R. In general we will find conceptual simplification in
the shift from an emphasis on the representation of objects to an
emphasis on the intrinsic properties of the objects themselves. The
differential of a function of several variables is the entire array of
partial derivatives. While each partial derivative is easy to compute,
their meaning is a collective property of the ensemble of them.

CHAPTER ONE




5. Vectors

One object that we can all agree on is the displacement vector. To
represent operations like: go north three feet and then west for five
feet, the vector and its icon, the line segment with an arrowhead are
useful and incorporate the correct symmetries.

An example of a symmetry properly represented here is the re-
flection of a vector in a line containing the vector. The arrow icon is
invariant under this operation. So too the most primitive notion of
a displacement. Refinements of the displacement concept will break
this symmetry. You might be driving from point A to point B, and
in which case you had better drive on the correct side of the road.
Driving is not invariant under such reflections.

Now I will argue that our thinking and iconography should prop-
erly reflect the symmetries of the situation. But there are significant
contrary examples to keep in mind. We use a pencil line both to rep-
resent a line like a path across a field, or a crack in pottery, which
has the above reflection symmetry, and also to represent an edge, like
the boundary of a plank or the edge of a cliff. There are famous vi-
sual puns that exploit this ambiguity, and every mechanical drawing
student has to laboriously learn how to disambiguate representations
into proper concrete objects. We will say more about this question of
orienting boundaries when we discuss the divergence theorem.

The representation of positions and displacements on a map has
more symmetry than the real world. We are all familiar with the dis-
tortions inevitable on large-scale maps of the earth. Right angles on
the map need not represent right~angles on the ground. The maps are
distorted. In a small region we can describe this distortion as a shear:
what happens when you push a deck of cards sideways. Qur represen-
tation of displacement vectors works perfectly well on a sheared map.
Just as on a Euclidean map, if displacements A and B add up to C,
then they also add that way on any sheared version of the map.

Your first reaction might be that this is a bad thing. A represen-
tation with too much invariance could be misleading. In fact, we will
do just the opposite, and ensure that all of our representations have
this more general symmetry: invariance under general linear trans-
formations. Why? It comes down to calculus, and the central role of
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linear transformations in calculus.
This invariance under general linear transformations will show up

in our icons through the elimination of the concept of perpendicular-
ity. Parallelism is ok, but not perpendicularity. Of course one never
follows a principle too closely. The arrowheads on our vector icons
involve perpendicularity in their construction. To be general-linear-
transformation correct, we should use a more general arrowhead, sub-
jecting the Euclidean special case to a different general linear trans-
formation each time we draw one.

In the context of vectors there is an important relation known as
duality. Given a set of vectors, that is, objects which can be scaled
and added, one naturally comes to think about linear operators. The
simplest linear operators are functions which take in a vector and
produce & number.

Example: Let us think of shopping carts full of groceries as
vectors. The addition operation is to dump everything from
two carts into one. To scale by a factor of two, just double
the quantities of everything. A linear operator on these
vectors would be, for example, the check out clerk. Every

vector (shopping cart) is assigned a price.

For reasons that escape me duality is considered too difficult to
introduce, and linear algebra classes instead start with the idea of
matrices. These are linear operators whose values are not numbers,
but other vector spaces. Elementary linear algebra in the United
States usually means beginning matrix algebra.

5.2
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6. Calculus of Curves

The calculus of curves is the process by which we assign an instan-
taneous velocity vector to a particle moving nonuniformly through
space. Geometrically, the velocity vector describes the path the par-
ticle would have taken if it had continued on with uniform motion.

The tangent vector is defined by the following limit process. This
limit process should do two things: isolate the behavior of the particle
in the immediate neighborhood of the point in question, and find a
finite representation of that behavior. If we are given the motion of
the particle the (z,y) plane by two functions z(t) and y(t), and if we
want the velocity vector at ¢ = ¢y, then we isolate the behavior at the
point ¢y by successively considering the piece of the curve between ¢
and ¢o+ 1, then between tp and ¢p+ 1/2, then between 9 and to+1/4,
and so on. To get a finite representation, at each stage we expand our
map of the (z,y) plane by a factor of two, and draw the straight line
connecting the endpoints of the segment of the curve.

Figure 6-1. A few steps in the con-
struction of the tangent vector to
a curve.

This process can be done at 'any point on the path of the particle.
6.1




The result of doing it everywhere is too messy to really draw, but the
next figure shows the idea.

Figure 6-2. The collection of local approximations to a curve.

A practical example of this comes up in mechanics, where a par-
ticle free from external forces moves in uniform motion. I had just
built a buffing wheel, a cloth disc covered with polishing compound
rotating at high speed. As I was finishing building this I thought,
“Oh no, the polishing compound is going to fly off an hit me in the
face.”

Of course that doesn’t happen. Compound that frees itself from
the wheel flies off in whatever direction it was going. This is exactly
the velocity vector construction given above.
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Figure 6-3. Unphysical but intu-
itive behaviour of a buffing wheel.

Figure 6-4. Correct physical be-
haviour of a buffing wheel.

With a PhD in physics, I was a bit embarassd by this wrong
intuition.
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Figure 7-1. The differential of the function y = z? at y = 1.

Only for single-variable calculus is it possible to package up all of the
differential behavior in an object of the same type, here a function
of one variable. This makes single-variable calculus misleading, and

why I started with vector calculus.
Once we have the notion of the differential of a function, we can

use it, usually in the form of the Taylor’s series
f(2) = f(z0) + (z — zo) f'(z0) + ..

to find representations of other differentials.
The differential of the parametrized curve

s - (2(5), u(s))
is the vector with components
z'(s), v'(s),
7.2




which we write
2(s) o +4'(6) o

Oz dy «
Let me carefully parse the above mathematical sentence. The expres-
sion z'(s) is a function

z'(s): R—= R;s %(a),

and for any value of s this is a number. The symbol (8/3z) denotes
the z-basis vector. At the point (z9,y0) this is the tangent to the
parametrized curve

S (s + xo,yo),

and since this is already a linear map, the tangent to the curve is the
curve itself.

What does it mean to multiply & linear curve by some number?
We have to answer this question if we are to claim that the linear
. curves have linear structure. The answer: you take the same curve
and just travel faster along it. Thus

g )
ros =5+ (rs + zo,90)-

And what does it mean to add two curves? Again this is straightfor-
ward: '

s(as+zo,Bs+yo0) + s+ (vs+ 20,68 +w) =
s ((a+7)s + 20, (B + 6)s + 10),

and in pictures
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Figure 7-2. Addition of two linear parametrized curves.
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8. Linear Transformations

The structures discussed in this chapter, two dual linear spaces, have
an important invariance. The operations of addition, scaling, and
evaluation all commute with linear transformations. In this section, I
will discuss linear transformations more carefully.

Linear transformations can be represented by matrices acting on
a vector space by the usual multiplication law. Closely related trans-
formations are the affine transformations, which also allow you to
translate the spaces, and projective transformations, which preserve
the straight lines but not the linear structure. Projective transforma-
tions are familiar from photography. They do not preserve parallel

lines, for example.

In the plane there are three basic types of linear transformations.
Dilations expand the space uniformly in both directions. This is the
only rotationally symmetric linear transformation.
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Figure 8-1. Dilations and rotations of the plane.

P AP A A e ™ )

By Gy, S - -

!

- e e i P o

i
i
{
!

!

SN v e =~

- L &~ e e »

NN N N

N

-« o v v

\

YN N N NN
YN NN NN
VY N N NN
VOV NN
VOV VNN

\
\

— —>

'
|
!

>

!
4

v /1

S
N~ N
™\
NN N\
VNN NN

«“ 7 7y
v £ LS

////’//v__»_,s\

PALIITIIIIIINN
/'//"/'//-,.__,_’\\\\;\\
///‘//,-,._,‘\\\\\\
fff///.-...,\\\\\\
ff/‘//;,_‘\\\\\\
tttr . _‘\““\
111'1: "llll
“\\\\\ ‘IJJIl
\\\\\\\__,IIJJI
\'\'\\\x..‘_’////ll
\.\'\\\\\._'_/////l
’\'\‘\\\-\.,,_’//////

Next in complexity are the rotations. A pure rotation would be
represented by an antisymmetric matrix. Finally there are the shears.
A pure shear expands one direction and contracts an orthogonal di-
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rection so as to preserve the area. There are two independent shears
separated by a 45° rotation. See figure 2.
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Figure 8-2. Two pure shears in the plane.

I will often refer to a shear which is a mixture of these pure types,
in which a vector is transformed according to
z§+y%H(z+w)§+y5y-. |
The z-axis is invariant and all other vectors are slid horizontally an
amount depending upon their vertical position. This is what happens
when a deck of playing cards is pushed sideways. It is a combination
of a pure shear and a rotation.

One thing that does not commute with linear transformations is
the concept of orthogonality. Since I used orthogonality above in my
description of the types of shears, that description is in fact not in-
variant under linear transformations. It presuppose a given Euclidean
geometry framework. Even the concept of a symmetric matrix is not
invariant.

We are going to separate the operations that are not invariant
under linear transformations, like Euclidean geometry, and put them
in with explicit operators. Thus, while we will not be able to talk of
just perpendicular, we will be able to say that using the metric £, two
lines are perpendicular. It is by no means obvious at this point that
it is worth all the bother of doing this. Trust me.
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Figure 8-3. A purely horizontal shear.
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9. The Differential in Optics

Sometimes an idea can be appreciated better when it is seen in a
more realistic, complex situation. You might find the application of
the idea of a differential to optics useful. If not, then this section can
be skipped without loss. ,

Figure 9-1. A simple optical situa-
tion. :

In the above figure I show an optical set up consisting of light
rays coming from a point source, passing through a lens with spherical
surfaces, bouncing off of a spherical mirror, going through the lens
again, and finally forming an imperfect image of the source. The
image is imperfect because a simple lens is not able to form a perfect
image for light rays making finite angles with the axis. We can define
a limit process for this situation that will isolate from this nonlinear
situation, the special behaviour of light rays that are close to the axis
and nearly parallel to it. The limit process will replace the original
rays with rays from a source half as far away from the axis, and reduce
all of the slope of the rays by the same factor. Finally, we rescale the
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